Recently Ladra and Rozikov introduced a notion of evolution algebra of a "chicken" population (EACP). The algebra is given by a rectangular matrix of structural constants. In this paper we introduce a notion of chain of evolution algebras of a "chicken" population (CEACP). The sequence of matrices of the structural constants for this CEACP satisfies an analogue of Chapman-Kolmogorov equation (with a specific multiplication defined for rectangular matrices). We give several examples (time homogeneous, time non-homogeneous, periodic, etc.) of such chains. We construct some periodic 3-dimensional CEACP which contains a continuum set of nonisomorphic EACP and show that the corresponding discrete time CEACP is dense in the set. Moreover we study time depending dynamics of 2 and 3 dimensional CEACP to be isomorphic to a fixed algebra.
Introduction
The action of genes is manifested statistically in sufficiently large communities of matching individuals (belonging to the same species). These communities are called populations.
The evolution (or dynamics) of a population comprises a determined change of state in the next generations as a result of reproduction and selection. This evolution of a population can be studied by a dynamical system (iterations) of a quadratic stochastic operator (see review paper [6] ).
Etherington introduced the formal language of abstract algebra to the study of genetics in a series of seminal papers [2] [3] [4] . In recent years many authors have tried to investigate the difficult problem of classification of these algebras.
Recently in the book of J.P. Tian [13] a new type of evolution algebra was introduced. This algebra also describes some evolution laws of genetics. The study of evolution algebras constitutes a new subject both in algebra and the theory of dynamical systems. In the book [13] , the foundation of evolution algebra theory and applications in nonMendelian genetics and Markov chains are developed.
In [1] a notion of chain of evolution algebras is introduced. The sequence of matrices of the structural constants for this chain of evolution algebras satisfies an analogue of Chapman-Kolmogorov equation. The basic properties of such chains are studied.
In the book [11] the evolution algebras associated with a free population are studied. But there are few results devoted to evolution algebras corresponding to bisexual populations.
Recently in [9] the authors considered a bisexual population and defined an evolution algebra using inheritance coefficients of the population. This algebra is a natural generalization of the algebra of free population. Moreover in [10] an evolution algebra of a "chicken" population (EACP) is considered. This algebra corresponds to a bisexual population with a set of females partitioned into finitely many different types and the males having only one type. The basic properties of the EACP are studied.
In this paper we introduce a notion of a chain of evolution algebras of "chicken" population (CEACP) and study its dynamical properties.
The paper is organized as follows. In Section 2 we give main definitions related to CEACP. In Section 3 we give several examples (time homogeneous, time non-homogeneous, periodic, etc.) of such chains. For a periodic chain of evolution algebras we construct a continuum set of non-isomorphic evolution algebras and show that the corresponding discrete time chain of evolution algebras is dense in the set. In Section 4 we study the time depending dynamics of 2 and 3 dimensional CEACP to be isomorphic to a fixed algebra.
Definition of CEACP
Following [10] we consider a set {h i , i = 1, . . . , n} (the set of "hen"s) and r (a "rooster").
Definition 2.1. (See [10] .) Let (E, ·) be an algebra over a field K of characteristic = 2. If it admits a basis {h 1 , . . . , h n , r}, such that
then this algebra is called an evolution algebra of a "chicken" population (EACP). We call the basis {h 1 , . . . , h n , r} a natural basis.
Thus an algebra EACP, E, is defined by a rectangular n × (n + 1)-matrix
which is called the matrix of structural constants of the algebra E. We write the matrix M in the form
Assume we have two rectangular n × (n + 1)-matrices M = A ⊕ b and H = B ⊕ c. Then we define multiplication of such matrices by
We note that this multiplication agrees with usual multiplication of (n + 1) × (n + 1)-matrices with zero (n + 1)-th row. Consider a family {E [s,t] : s, t ∈ R, 0 s t} of (n+1)-dimensional evolution algebras over the field R, with basis {h 1 , . . . , h n , r} and multiplication table
Here parameters s, t are considered as time. for all values of t. The constant P is called the period, and is required to be nonzero.
Remark 2.5. To define a CEACP one has to solve the system (2.5). Since the first equation of the system does not depend on b [s,t] , one can solve it firstly and then, for each solution, from the second equation one must find corresponding b [s,t] . We note that the first equation is usual Chapman-Kolmogorov equation (for quadratic matrices) and a wide class of its solutions are known [1, 12] . In the next section we shall construct several examples of CEACPs.
Examples of CEACPs

The CEACP corresponding to a Markov process
We recall that a left (right) stochastic matrix is a square matrix of nonnegative real numbers, with each column (row) summing to 1. A stochastic vector is a vector whose elements are nonnegative real numbers which sum to 1. Thus, each row of a right stochastic matrix (or column of a left stochastic matrix) is a stochastic vector.
Let {A [s,t] , 0 s t} be a family of stochastic matrices which satisfies the first equation of the system (2.5), then it defines a Markov process. We are going to solve the second equation of (2.5). Proof. The second equation of (2.5) for the coordinates has the following form
From this we get 
The CEACP corresponding to a family of matrices which does not define a process
Now we consider several concrete examples. 
The first equation of the system (3.3) is known as Cantor's second equation which has very rich family of solutions:
where θ > 0.
In the case a) from the second equation of (3.
where α is an arbitrary function.
In the case b) from the second equation of (3.3) we get
This has the following solution
where β is an arbitrary function. Thus we obtain two CEACP:
,
, with hr = rh = 1 2
Example 2. Consider 
2 .
from the last system we obtain
Hence ψ(s, t) has the form ψ(s, t) = λ −s α(t)
, where α is an arbitrary function. Conse-
we have
1 . Then from the last equation we get
This equation has the following solution
where β is an arbitrary function. Hence
Thus we get the following solution of (2.4), i.e. the system (2.5) 
then a limiting EACP does not exist. If the limits do exist, then we have
where E 0 is an EACP with multiplication (omitted multiplications are zero):
E 1 is an EACP with multiplication table
E 1/2 is an EACP with
E −1/2 is an EACP with
and E ∞ is a vector space which has "infinity multiplication", or we can say that in E ∞ an algebra structure is not defined. This example shows that a limit of a CEACP can be non-evolution algebra.
ij ) i,j=1,2 to the first equation of (2.5) given by (see [ 6) where Φ = 0 and Ψ are arbitrary functions. Now we shall find solutions of the second equation of (2.5) corresponding to A [s,t] . Denoting f (s, t) = b
the second equation can be written as
From the second equation of this system we get Φ(s)g(s, t) = α(t), where α is an arbitrary function. Substituting g(τ, t) = α(t)/Φ(τ ) in the first equation of the last system we get f (s, t) = β(t)−Ψ (s)α(t), where β is an arbitrary function. Finally we obtain the following 
Example 4. For any n we shall give an example of time non-homogeneous n + 1 dimensional CEACP. Let {T [t] , t 0} be a family of invertible (for all t), n×n matrices. Define the following matrix (3.8) and (3.9) generates an n + 1 dimensional CEACP.
Proof. We shall show that the matrix M [s,t] given in the statement of the proposition satisfies Eq. (2.4):
Thus each family (with one parameter) of invertible n × n matrices together with a family of vectors (with one parameter) define a CEACP E [s,t] which is time non-homogeneous, in general.
Example 5. It is easy to see that the matrix
satisfies Eq. (2.4). We are going to find corresponding solutions of the second equation of (2.5). This equation has the following form
It is easy to check that this system has the following solution
where c 1 and c 2 are arbitrary numbers. Thus the following matrix satisfies (2.4):
Since this matrix is periodic with period P = 2π, the corresponding CEACP E [t] is also periodic. Moreover, for arbitrary 3- 
respectively, there is a sequence t n = t n (a) of times such that lim n→∞ Since det(ϕ) = 0 the last equations give the following possibilities to ϕ:
We note that the classes F i are the same up to renumbering of indexes. Therefore, we consider only class F 1 . Take ϕ ∈ F 1 then we get the following relation between matrices M where m ij is function of a given by the following formulas
By ( Consider now discrete time n, n ∈ N and the CEACP {E [n] , n ∈ N} given by matrix (3.12) with t − s = n. 
Proof. It is known that the sequences {sin n} and {cos n}, n ∈ N, are dense in [−1, 1] (see e.g. [5] ). Hence for any a ∈ [−1, 1] there is a sequence {n k } k=1,2,... of natural numbers such that lim k→∞ cos(n k ) = a. The same sequence can be used to get
Time depending dynamics of CEACP
In this section for 2 and 3-dimensional algebras of CEACP we shall study the time depending dynamics of isomorphic EACPs in the chain.
Let E be a 2-dimensional EACP and {h, r} be a basis of this algebra. It is evident that if dim E 2 = 0 then E is an abelian algebra, i.e. an algebra with all products equal to zero.
Proposition 4.1. (See [10].) Any 2-dimensional, non-trivial EACP E is isomorphic to one of the following pairwise non-isomorphic algebras:
The following proposition gives time dynamics of (3.4) and (3.5).
Proposition 4.2. We have
where E 0 is the algebra with zero multiplication. 
the proof is similar. 2
To give some illustration of Proposition 4.2 we consider the following example.
Example 6. Take
By the proposition the corresponding CEACP will be isomorphic to E 1 if time t ∈ {7, 19} ∪ [2013, +∞). So there are three critical times 7, 19, 2013 at which the chain changes the algebras and remains with the same algebra (up to isomorphism) between critical times. This is like a phase transition property of physical systems [7] . There parameter is the temperature and the system changes its phase (state) at critical temperatures.
Let now E be a 3-dimensional EACP and {h 1 , h 2 , r} be a basis of this algebra.
Theorem 4.3. (See [10] .) Any 3-dimensional EACP E with dim(E 2 ) = 1 is isomorphic to one of the following pairwise non-isomorphic algebras:
In each algebra rh i = h i r, i = 1, 2 and all omitted products are zero.
In order to use this theorem first we give a class of 
Consequently, for t such that c(t) = 0 we have
and for t such that c(t) = 0 we have
Thus we proved the following Consider a 3-dimensional EACP E with dim(E 2 ) = 1. Then it has the following form
We note that non-zero coefficients of h 1 r can be taken 1. Indeed, if abA = 0 then the change of basis h 1 = In case some a, b, A are equal 0 then one can choose a suitable change of basis to make non-zero coefficients of h 1 r equal to 1. But we do not consider these particular cases here, because they are simpler than the case abA = 0. Remark 4.6. 1. In [9] it was shown that the evolution algebra of the bisexual population is not a baric algebra. Since EACP is an algebra of bisexual population it is not baric. So CEACP is not baric any time, i.e. it has not baric property transition. 2. The matrices of structural constants (depending on (s, t)) of a CEACP satisfy the Chapman-Kolmogorov equation. In other words, a CEACP is a continuous-time dynamical system which in a fixed time is an EACP. It is known that if a matrix satisfying the Chapman-Kolmogorov equation is stochastic, then it generates a Markov process. In [8] , the authors investigated the time evolution of stochastic non-Markov processes as they occur in the coarse-grained description of open and closed systems. Some aspects of the theory are illustrated for the two-state process and the Gauss process. Since the matrix of structural constants of each EACP of a CEACP has a general form, the nonMarkov processes of [8] can be, in particular, obtained by structural constants matrices of a CEACP. Thus CEACP can be used in biology and physics.
